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Abstract: Cantilever devices have found applications in numerous scientific fields and instruments,
including the atomic force microscope (AFM), and as sensors to detect a wide range of chemical
and biological species. The mechanical properties, in particular, the spring constant of these devices
is crucial when quantifying adhesive forces, material properties of surfaces, and in determining
deposited mass for sensing applications. A key component in the spring constant of a cantilever is the
plan-view shape. In recent years, the trapezoidal plan-view shape has become available since it offers
certain advantages to fast-scanning AFM and can improve sensor performance in fluid environments.
Euler beam equations relating cantilever stiffness to the cantilever dimensions and Young’s modulus
have been proven useful and are used extensively to model cantilever mechanical behaviour and
calibrate the spring constant. In this work, we derive a simple correction factor to the Euler beam
equation for a beam-shaped cantilever that is applicable to any cantilever with a trapezoidal plan-view
shape. This correction factor is based upon previous analytical work and simplifies the application of
the previous researchers formula. A correction factor to the spring constant of an AFM cantilever is
also required to calculate the torque produced by the tip when it contacts the sample surface, which
is also dependent on the plan-view shape. In this work, we also derive a simple expression for
the torque for triangular plan-view shaped cantilevers and show that for the current generation of
trapezoidal plan-view shaped AFM cantilevers, this will be a good approximation. We shall apply
both these correction factors to determine Young’s modulus for a range of trapezoidal-shaped AFM
cantilevers, which are specially designed for fast-scanning. These types of AFM probes are much
smaller in size when compared to standard AFM probes. In the process of analysing the mechanical
properties of these cantilevers, important insights are also gained into their spring constant calibration
and dimensional factors that contribute to the variability in their spring constant.
Keywords: trapezoidal cantilever; atomic force microscopy; spring constant; calibration
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1. Introduction
Cantilever devices have been used as the key sensing elements in a number of instruments,
including the atomic force microscope (AFM), and mass, fluid, and viscosity sensors. To produce
quantitative data from cantilever-based instruments, the spring constant of the cantilever must be
accurately determined. For example, accurate spring constant calibration of an AFM cantilever is
critical to precisely measure adhesive forces between the tip and the surface of a sample [1–5], measure
the mechanical properties of sample surfaces [6–9], and determine the appropriate force to accurately
determine the thickness of 2D materials, such as graphene [10]. If a cantilever is used as a mass sensor
to detect biological or chemical species, an accurate spring constant value is required to determine the
additional mass [11,12]. Therefore, since the development of the AFM, a number of techniques have
been developed to determine the spring constant of cantilevers. These techniques can be divided into
different categories and include methods based on Euler beam equations [13–15], the resonant frequency
response of the cantilever [16–21], thermal noise-based methods [22–27], loading the cantilever with a
known force [28–33], or a combination of these [34].
Some of the most recent research involving cantilever calibration and dynamics include
determining the spring constant of higher modes, which has applications to AFM force spectroscopy
and chemical and biological sensing [35]. The calibration of spring constants for AFM cantilevers of
arbitrary shape has also been reported using resonance frequency measurements acquired in air and
fluid [36].
The calibration of the torsional spring constant of AFM cantilevers has also been explored and is
important to the study of friction and tribology on the nanoscale. Recent work by Cafolla et al. involved
a method to determine the torsional spring constant using the properties of viscous environments [37],
while Labuda et al. developed a technique for calibrating the static and dynamic torsional spring
constant of AFM cantilevers by directly measuring the thermally driven motion of the cantilever with
an interferometer [38]. Thoren et al. also demonstrated the calibration of the flexural and torsional
spring constants and the deflection sensitivities for AFM cantilevers using a noninvasive thermal noise
method [39].
Depending on the method employed, there are a number of factors that can complicate the
calibration of the cantilever spring constant.
One of these factors is the plan-view (or top-down view) shape of the cantilever. For AFM
cantilevers, there are a number of commercially available geometries but, in general, cantilevers are
divided into two shapes—beam shaped and V-shaped where the two different shapes evolved for
different reasons. Beam shapes are an obvious choice based on the simplicity of the design while
V-shaped cantilevers were developed since they were assumed to provide greater lateral stability
when scanning and significantly reduce torsional twisting of the cantilever. However, it is important
to note that the research by Sader et al. [40,41] disputed this assumption with strong theoretical and
experimental evidence.
A relatively recent addition to the design of cantilevers is the trapezoidal plan-view shape. Bruker,
in particular, has developed a line of cantilevers based on this shape for their fast-scanning AFM
system. This geometry was selected by Bruker to provide high-performance fast-scanning probes since
it is known to reduce the cantilever settling time and facilitates faster scanning [42,43].
Recent work by Morshed and Prorock [44] also showed that for biological and chemical sensing
applications, the trapezoidal cantilever shape offered superior mass sensitivity in fluid environments
compared to a range of other geometries. Zhao et al. conducted research into using and modifying
trapezoidal-shaped cantilevers for mass sensing [45]. Longqi et al. [46] and Zhao et al. [47] also
demonstrated that the trapezoidal shape is superior to beam-shaped cantilevers when determining the
density and viscosity of fluids. Trapezoidal cantilever devices are also being studied and implemented
as acceleration sensors [48] which have applications in automotives, consumer electronics, biomedical
devices, and industrial monitoring.
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Until recently [43,49], the majority of experimental research in the last 25 years has been devoted
to the standard cantilever geometries. Therefore, further research into the mechanical properties of
cantilevers with trapezoidal geometry is required, which has wide-spread application in a number of
scientific fields. Indeed, the equations and correction factors derived in this work need not necessarily
be applied to microcantilever devices but could be used on much larger macroscopic cantilevers with
the possible applications to large scale engineering
1.1. Euler Beam Equation
The standard Euler beam equation, relating the spring constant to the cantilever dimensions and
material properties, for a beam-shaped cantilever is expressed in Equation (1)
k = Ect3w/(4L3) (1)
where k is the spring constant for the cantilever, Ec is the Young’s modulus for the cantilever, w is the
width of the cantilever, t is the thickness, and L is the length of the cantilever. For AFM cantilevers, it is
important to note that the length of the cantilever is often defined as the distance from the base to the
tip apex. This is appropriate when applying Euler beam equations to AFM cantilevers since the tip
apex is where the force is applied. Therefore, to correct the spring constant of the cantilever from the
beam end to the position of the tip apex, the following formula must be applied:
ktip = kend (L/Ltip)3 (2)
where ktip is the spring constant at the tip apex position, kend is the spring constant at the very end
of the cantilever, and Ltip is the length of the cantilever from the base to the tip. Equation (2) is for a
beam-shaped cantilever geometry, but it has been shown to be a good approximation for all cantilever
geometries [14,38].
When using Equation (1), the cantilever dimensions and Young’s modulus are the primary sources
of uncertainty. Since the thickness of the cantilever is a cubed term (and often less than 1 µm), in
Equation (1), it contributes significant uncertainty to the calculation. To determine this dimension
with an uncertainty of 5% or less requires careful edge-on imaging with an experienced scanning
electron microscopy (SEM) operator. The length of the standard commercially available cantilevers is
typically between 100 to 200 µm, and the width between 20 to 50 µm, therefore, these dimensions can
be measured with good accuracy using SEM, or a sufficiently powerful optical microscope.
The majority of AFM cantilevers are composed of silicon or silicon nitride. Provided that the
crystal orientation is known, Young’s modulus could be calculated to high-precision in the case of
silicon. However, it is well established that Young’s modulus of silicon nitride can vary depending
on the conditions of the manufacturing process. Drummond and Senden [50] reviewed the Young’s
modulus that different research groups reported for silicon nitride films produced by chemical vapour
deposition (CVD) and found a reported range of 66 GPa [51] to 373 GPa [52]. AFM cantilevers often
have their back coated with reflective metals, such as gold or aluminium, to improve the reflection
of the laser typically used to measure the motion of the cantilever. This is the standard optical lever
arrangement implemented in many commercial AFMs. While the thicknesses of these metallic coatings
are small (50 to 100 nm), Young’s modulus of gold and aluminium is sufficiently reduced compared
to silicon and silicon nitride where these coatings can decrease the effective Young’s modulus of the
overall cantilever by as much as 10 to 20% [46]. Fortunately, simple expressions have been derived by
Sader et al. [53] to account for these types of coatings.
There have been a number of papers devoted to deriving Euler beam equations to determine the
spring constant of cantilevers that are not beam-shaped, but these are primarily focussed on V-shaped
cantilevers [14,54]. A landmark theoretical paper that concentrated on deriving Euler beam formulas
for a number of plan-view geometries was authored by Sader and White [1]. In the Sader and White
article, general analytical formulas for trapezoidal, triangular, and V-shaped cantilevers were derived.
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In this work, we use Sader and White’s research as the basis to determine a simple correction factor
to Equation (1) that could determine the spring constant for trapezoidal-shaped cantilevers. This
correction factor will simplify the use of Sader and White’s [1] formula, and only requires knowledge
of the length of the upper width, w, and lower or base width, w0, of the trapezoidal cantilever and is
valid as long as w is less than w0.
1.2. Torque Produced by the Atomic Force Microscope (AFM) Tip
Research has also shown that the torque produced by the AFM tip can affect the force that the
tip applies to the surface; for conical or pyramidal tips it typically increases the force exerted on the
sample surface [55]. For probes where the cantilever length is much greater than the height of the tip
this effect is minimal. However, for short cantilevers, the torque can potentially increase the effective
spring constant of the cantilever by 5% or more [43]. Therefore equations that describe this torque
are useful for accurate measurements of the cantilever spring constant or force. For beam-shaped
cantilevers the torque, Tbeam is given by
Tbeam = 1 − (tanα)(3/2)(D/Ltip) (3)
where D is the height of the AFM tip, and α is the approach angle of the cantilever to the sample
surface, typically 10 to 12◦ for most commercially available AFM systems. For cantilevers that do
not possess a perfect beam shape, such as the V-shaped or trapezoidal-shaped cantilevers, the torque
must be derived separately. Recent work by Edwards et al. [48] has provided general formulas to
assist in determining the torque for geometries that are not beam-shaped. In this work we derive a
simple expression for the torque for triangular-shaped cantilevers, extending the research by Edwards
et al. [55], and also derive an approximate expression for the torque for trapezoidal-shaped cantilevers.
1.3. Determination of the Young’s Modulus and Spring Constant of FastScan AFM Cantilevers
Finally, we combine the derived correction factors to determine Young’s modulus for a number of
trapezoidal-shaped AFM probes. These are Bruker FastScan A, B, and C cantilevers that are composed
of silicon nitride. Details of these types of cantilevers are provided in Reference [43]. This analysis
provides information on the variability of the material properties of these types of cantilevers and also
demonstrates an important application of the derived correction factors. We also demonstrate the
applicability of the Sader indirect [16] spring constant calibration method for FastScan A probes which
have proven challenging to calibrate using some of the standard methods such as the thermal noise
method [43]. A number of important insights into the spring constant of these types of cantilevers are
also explored. Of particular importance, as cantilevers become smaller, is the length of the cantilever
from the base to tip apex, Ltip, and this dimension may be a much greater source of cantilever spring
constant variability than previously discussed.
2. Materials and Methods
Spring constant values and dimensions for cantilevers FSA1–4, referred to throughout this article,
are taken from Song et al. [49], and the experimental details for these cantilevers are reported in that
article. The cantilevers Song et al. [49] studied were the Bruker FastScan A model. The spring constant
calibration performed by Song et al. [49] involved using a home-made AFM head with the cantilever
deflected against an electromagnetic compensation balance. The bending force and the cantilever
deflection are measured by the balance and the optical lever in the AFM head, respectively. This
method was demonstrated to produce very low uncertainty on the order of less than 2%, which is
comparable to the lowest uncertainties of any previously reported techniques [24,25,30,56].
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Data provided by the authors are for AFM cantilevers FSA5–7, FSB1–2, and FSC1–2 in Table 1.
Cantilevers FSA5–7 are Bruker FastScan A, FSB1–2 are Bruker FastScan B, and FSC1–2 are Bruker
FastScan C models. Nominal parameters for the Bruker FastScan probes can be found in Reference [43]
while accurate spring constant values for these cantilevers are also reported in Reference [43]. The
cantilever sensitivity and spring constant of these cantilevers were calibrated using the reference
cantilever method previously described in detail in reference [28]. The uncertainty on the spring
constant values reported using the reference cantilever method in Slattery et al. [43] are on the order of
7–8%. The AFM used to acquire the data was a Bruker Dimension FastScan AFM (Bruker Corporation,
Billerica, MA, USA) with Nanoscope V controller, and Nanoscope control software (version 8.15,
Bruker Corporation, Billerica, MA, USA). The AFM scanner was calibrated in x, y, and z directions
using silicon calibration grids (Bruker product codes PG: 1 µm pitch, 110 nm depth, and VGRP: 10
µm pitch, 180 nm depth, Bruker Corporation, Billerica, MA, USA). Cantilever dimensions for FSA5–7,
FSB1–2, and FSC1–2 in Table 1 were measured using SEM which was performed using either an FEI
Helios D433 Nanolab 600 Dualbeam microscope (FEI, Eindhoven, Netherlands) or an FEI Inspect
F50 Field emission SEM (FEI, Eindhoven, Netherlands). Each SEM was calibrated at the appropriate
working distance and magnification using the aforementioned silicon calibration grids.
Table 1. Shows spring constant, dimensional data, torque corrections, and K correction factors for a


















D/Ltip Tbeam Ttri Ttrap. K
FSA1 15.81 * 30.53 10.7 # 0.35 24.46 26.61 0.57 4.55 0.19 0.94 0.92 0.93 1.23
FSA2 14.24 31.86 10.7 0.34 25.60 28.46 0.56 5.03 0.20 0.94 0.92 0.93 1.23
FSA3 17.05 31.36 10.7 0.34 23.06 25.82 0.60 7.03 0.30 0.9 0.87 0.89 1.23
FSA4 11.89 30.86 10.7 0.35 24.83 26.81 0.52 6.11 0.25 0.92 0.89 0.91 1.23
FSA5 21.4 32.1 11.4 0.36 23.2 26.7 0.64 3.87 0.17 0.95 0.93 0.94 1.22
FSA6 32.3 31.6 13.0 0.41 20.5 26.6 0.64 4.72 0.23 0.93 0.9 0.91 1.20
FSA7 18.5 31.8 10.6 0.33 22.9 27.0 0.64 3.30 0.14 0.96 0.94 0.95 1.24
FSB1 2.24 33.6 8.80 0.26 28.8 30.9 0.37 5.60 0.19 0.94 0.92 0.93 1.28
FSB2 2.05 33.9 8.81 0.26 29.1 31.1 0.36 4.82 0.17 0.95 0.93 0.94 1.28
FSC1 0.938 43.5 9.10 0.21 42.6 44.9 0.35 6.79 0.16 0.95 0.93 0.94 1.31
FSC2 0.916 43.9 9.14 0.21 42.4 44.7 0.34 6.75 0.16 0.95 0.93 0.94 1.31
* Spring constant values for all probes have been corrected for torque using the corresponding Ttrap.; #. The top
width, w, of the trapezoid is measured from Figure 3a from Song et al. [42] and cantilevers FSA2–4 are assumed to
have the same w value.
3. Results
3.1. Correction Factor for Euler Beam Equation for Plan-View Trapezoidal Cantilevers
Figure 1 defines the plan-view parameters for a trapezoidal cantilever, and we assume the
cantilever has a uniform thickness, t. The base width of the cantilever is w0 and the top width is w.
We shall use the same nomenclature as used by Sader and White [1]. Therefore, Equation A3a
in Sader and White [1] describes the equation for the angled side of the trapezoidal cantilever and is
given by:
y = f (x) = a(1 − mx) = a − amx (4)
where Sader and White [1] define a and m as adjustable gradient parameters. Therefore, the y-intercept
for this function is the variable a, and the absolute value of the slope of the function is am.
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We can see from Figure 1 that half the base width of the cantilever equals to a (i.e., a = w0/2) and
the slope of the angled side equals to (w0 − w)/(2L). Therefore, am = (w0 − w)/(2L), and given a = w0/2,
then m = (w0 − w)/(Lw0). Sader and White [1] derived the following formula (which is Equation A3b in
their article) for a trapezoidal cantilever:
k = 2(D’am3)/(mL − 1)[mL − m2L2/(2(1 − mL)) + (1 − mL)ln(1 + mL)]−1 (5)
where D’ = Ect3/12
Therefore, if we substitute a = w0/2, m = (w0 − w)/(Lw0), and D’ = Ect3/12 into Equation (5), it can
be rewritten as:
K = (Ect3w0/(4L3))·[(w/w0 − 1)3/(3w/w0) ((1 − w/w0) − (1 − w/w0)2/(2w/w0) + (w/w0) ln(w/w0))−1] (6)
If we let K = 3(w/w0)/(w/w0 − 1)3((1 − w/w0) − (1 − w/w0)2/(2w/w0) + (w/w0)ln(w/w0)), then we can
rewrite Equation (6) as
k = Ect3w0/(4KL3) (7)
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factor versus w/w0 graph for plan-view trapezoidal cantilevers displayed in Figure 6.43 of the Joeress
text [57]. A comparison between our data in Figure 2 and the data plotted in Joeress [57] graph
shows a maximum difference of approximately 1.6%. However, it is also important to note that for
the calibration curve displayed in the Joeress [57] work, there are no details given on how their plot
was generated. Given that the analysis performed in this work is traceable to established analytical
calculations, the authors recommend using Equation (6), or Equation (7) combined with Figure 2, to
determine the spring constant of trapezoidal cantilevers.
If the spring constant of the cantilever is deter ined using another experi ental technique (e.g.,
refs [16–33]) and the di ensions are determined using SEM, for example, then Equation (7) can also be
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used to determine Young’s modulus of the AFM cantilever or indeed any cantilevered structure with a
trapezoidal plan view, provided w is less than w0. This technique has been used to determine Young’s
modulus of wool fibres and polymer actuators [58,59].
3.2. Deriving Solutions to the Torque Correction Factor for Plan-View Triangular and Trapezoidal Cantilevers
Edwards et al. [55] defines the general expression for determining the torque, Ti, for a cantilever
of arbitrary shape with a sharp tip, and we use the same notation that Edwards et al. [55] use in their
work. It is given as:
Ti = 1 − ρi (tanα)D (8)
where i refers to z or θ, which are the normal and longitudinal directions of the cantilever, respectively.
The torque we are interested in is the normal direction therefore Tz is the correction factor we focus
on for the various plan-view geometries. The term ρi (Equation (17) from Edwards et al. [55]) can be
expressed as:
ρz = kz/kzθ (9)
where kz is the normal spring constant for the cantilever, and kzθ is the longitudinal spring constant of
the cantilever. For a beam-shaped cantilever, we get kz from Equation (1) and kzθ (Edwards et al. [55])
is defined as:
kzθ = Ect3w/(6L2) (10)
So if we divide kz by kzθ for a beam-shaped cantilever we can obtain ρz. If we then substitute
the result of kz/kzθ back into Equation (8), we get the familiar term for the torque for a beam-shaped
cantilever, Tbeam, which is given in Equation (3).
For a trapezoidal cantilever, the situation is more complex since while we have an expression for
kz for a trapezoidal cantilever (refer to Equations (6) and (7)), we do not have one for kzθ. However, we
can assume that the torque, Ttrap., for a trapezoidal cantilever will be in between that for a beam-shaped
cantilever, Tbeam, and a triangular-shaped cantilever, Ttri., with the same base width, w0, and length, L.
This is represented in Figure 4.
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Figure 4. Shows that the trapezoidal cantilever shape, given in Figure 4b, is a trapezoidal shaped
cantilever with base width wo and top width w. Its geometry is in between that for a beam-shaped
cantilever (a) and a triangular cantilever (c) with the same base width w0.
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Therefore, if we determine Tbeam and Ttri., we can determine an upper and lower limit for Ttrap.
Firstly, we require kz for a triangular cantilever. From Equation A2a and A2b from Sader and White [1],
we can express kz for a triangular cantilever as:
kz = Ect3w0/(6L3) (11)
The term w0 is now the width of the base of the triangular cantilever. Alternatively, we could use
Equation (6) or simply refer to Figure 2 since when w/w0 approaches zero, we see that the K correction
factor will approximate to 1.5. If we substitute 1.5 into Equation (7), we obtain the expression shown in
Equation (11). After extensive searching, the authors could not find a simple expression for kzθ for a
triangular cantilever in the literature. However, in the article by Sader [40], they derive an equation for
kzθ for a V-shaped cantilever. This Equation is 3b in the article [40] and is as follows:
kzθ = Ect3w0/(12L2) [2wa/w0 − ∆L/L(1 + log((2wa/w0) (∆L/L)))
+Π (w0/2wa − 1)(1/2 + w0/2wa − ∆L/L)]
(12)
where wa is now the width of one of the arms of the V-shaped cantilever, and w0 is the overall base
width of the cantilever. In Sader [40], the term Π is expressed as:
Π = (1 + ν)/((Γ2(2 − [1 − ν]Γ2)) (13)
where ν is the Poisson’s ratio for the cantilever material and Γ is given by
Γ = (1 + wa2/(4L2))−0.5 (14)
This can be simplified further if we assume the length, L, of the cantilever is from the base to the
tip apex and we ignore the additional length of the cantilever from the tip apex to the very end of the
beam. As mentioned, this is reasonable as the extra length has no impact on the torque since the AFM
tip apex is where the force or torque is being applied. This means we can effectively assume ∆L = 0
and L = Ltip, and therefore, Equation (12) can be simplified to:
kzθ = Ect3w0/12Ltip2 [2wa/w0 + Π (w0/2wa − 1)(1/2 + wa/w0)] (15)
As the width of the arms of the cantilever, wa, approaches w0/2, the V-shaped cantilever approaches
a closed triangular shape as shown in Figure 5.
Therefore, if we assume that wa = w0/2, and substitute this into Equation (14), it will simplify to:
kzθ = Ect3w0/(12Ltip2) (16)
We now have equations for kz and kzθ for a triangular cantilever. We can now determine ρz for a
triangular cantilever using Equation (9), and then using that value determine Ttri. for the triangular
cantilever using Equation (8). Doing this results in the expression:
Ttri. = 1 − (tanα)(2(D/Ltip)) (17)
We can assume that the torque for a trapezoidal cantilever will be between Trect. and Ttri., or to
simplify this, we shall simply average Equations (3) and (16). We, therefore, approximate the torque
produced by the AFM tip for a trapezoidal cantilever as:
Ttrap. ≈ 1 − (tanα)(7/4)(D/Ltip) (18)
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3.3. Application of Derived Expressions
There is minimal experimental data available in the literature measuring D/Ltip for different
cantilever types. There are, however, two sources of such data for relatively short FastScan cantilevers.
The first was published by Song et al. [49] and the second provided by Slattery et al. [43]. Table 1
provides details of 11 cantilevers and includes dimensions, data on the height of the tips, as well as the
D/Ltip ratio, the torque factors, Tbeam, Ttri. and Ttrap., and the Euler correction factors, K. The approach
angle, α, used to calculate the torque corrections is 120. The details of the first four cantilevers (FSA1–4)
are from Song et al. [49] and are for cantilevers from the same wafer. Dimensional data for cantilevers
FSA5–7, FSB1–2, and FSC1–2 are provided by the authors and the spring constant data for cantilevers
which have been previously reported by Slattery et al. [43].
A number of important insights into the cantilever geometry and spring constant could be
determined from Table 1. The w/w0 ratio is less than 0.5 for all cantilever types which indicates
that while they all have a trapezoidal plan-view shape, they are closer to a triangular shape than
beam-shaped. This has interesting results for each of the Euler beam and torque correction factors
discussed in this work. For the Euler beam correction factor, K, we can see that if we simply assume a
triangular shape, then K = 1.5 and the spring constant for the cantilevers will be underestimated by 13
to 20%, while for the torque corr c ion f ctors if the beam shap was used compared to the triangular,
the extr me limits for the plan-view shape, we see a difference of only 3%. This indicates that for the
torque correction factor, the plan-view shape has a much weaker dependence than for the Euler beam
formula. Therefore given that all cantilevers are closer to a triangular shape, either the triangular
torque correction (Equation (16)) or the trapezoidal approximation (Equation (17)) would be suitable.
However Table 1 does show that the torque factor, regardless of plan-view shape, for these
cantilevers is significant and if not accounted for, could lead to errors of up to ~11%. The variation
in tip height, D, is significant between probes of different types but also between probes of the same
type. For example, the probes, FSA1–4, are from the same batch and show a difference in tip height
from 4.55 to 7.03 µm. This results in Ttrap. values varying from 0.89 to 0.95 for these probes. The K
correction factor is similar for probes of the same type but does show some change between types and
reflects that the plan-view geometry for each cantilever model is generally consistent.
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What is also interesting to note is how much stiffer cantilever FSA6 is compared to the other
FastScan A cantilevers. It is between 30 to 60% stiffer than the other FSA cantilevers despite having
similar dimensions and tip height. The most likely reason is the difference between the length of
the cantilever from the base to the tip apex, Ltip. The spring constant values reported in Table 1
used methods that determine the spring constant of the cantilever at the tip apex and if we compare
Ltip for cantilever FSA6 to the other cantilevers, we see that this dimension is on average 11 to 20%
smaller. Given there is an inverse cubic relationship between cantilever spring constant and Ltip (refer
to Equations (1) and (2)), then it is not surprising that FSA6 is significantly stiffer than the other FSA
probes. While the absolute difference between the Ltip for FSA6 and the other FSA cantilevers is only a
few microns, this becomes more significant to the spring constant the shorter the cantilever becomes.
Therefore, methods that determine the spring constant at the tip apex have an advantage. For methods
that do not determine the spring constant at the tip apex, such as those that rely on measuring the
resonant frequency of the cantilever, care must be taken to accurately determine L and Ltip and then
use Equation (2) to account for this effect. Indeed, the smaller AFM cantilevers become the more
important this effect will be and should be noted by all AFM users intending to perform accurate force
measurements using small cantilevers.
To apply the analysis in Sections 3.1 and 3.2, we use the results from Table 1 and Equation (6)
to determine Young’s modulus of each of the cantilevers in Table 1. We report the effective Young’s
modulus, but also Young’s modulus of silicon nitride the cantilevers are composed of. To determine
Young’s modulus for the silicon nitride required for correcting the effective Young’s modulus values
for the metal coatings on the back of the cantilevers using equations derived by Sader et al. [53]. This
data is displayed in Table 2, and for reference shows the spring constant values for each cantilever as
reported in Table 1.
Table 2. Shows the spring constant, effective Young’s modulus of the cantilevers, and Young’s modulus
of the silicon nitride the cantilevers are composed of which has been corrected for the thin metal
coatings on the back of the cantilevers using equations derived by Sader et al. [53].







FSA1 15.81 201.3 229.2
FSA2 14.24 210.1 240.6
FSA3 17.05 151.9 168.3
FSA4 11.89 216.4 238.9
FSA5 21.4 155 171
FSA6 32.3 161 178
FSA7 18.5 132 143
FSB1 2.24 161 177
FSB2 2.05 164 181
FSC1 0.938 204 230
FSC2 0.916 212 241
The results in Table 2 show an average effective Young’s modulus and silicon nitride Young’s
modulus of 179 ± 29 and 200 ± 34 GPa, respectively for all the cantilevers, with the error quoted
representing one standard deviation in the data. The average Young’s modulus for the silicon nitride is
in excellent agreement with the value provided to the authors by the manufacturer, which is 200 GPa.
The values also fit within the range determined by Drummond et al. [50] who reported Young’s
modulus for silicon nitride in the cantilevers they analysed to be, on average, 202 ± 45 GPa. Bader [60]
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also reported Young’s modulus for micromechanical cantilevers made from silicon nitride equal to
194 ± 14 GPa, which is in good agreement with our average value for silicon nitride. This suggests the
effective application of the method and correction factors derived in this work.
Further analysis can reveal how robust Equation (6) is if we use the 179 GPa result and default
values for k, Ltip, w0 provided by the manufacturer for each type of FastScan probe, and then determine
the thickness using Equation (6). If the cantilever thickness we calculate is within 10% of the default
value quoted by the manufacturer, then our Equation (6) can be considered acceptably accurate. Default
values for each cantilever type are provided in Table S1 of the Supplementary material. Our analysis
reveals that for FastScan A cantilevers, we obtain a thickness measurement of 0.54 µm and the default
value provided by the manufacturer for the thickness is 0.58 µm. This is a difference of 6.9% compared
to the default value. The same analysis for the FastScan B cantilevers gives a thickness of 0.29 µm
using our equation compared to 0.30 µm, which is the default value quoted by the manufacturer for
FastScan B probes. This is a 3.3% difference. The same analysis for the FastScan C cantilevers gives
a thickness of 0.31 µm using our equation compared to 0.30 µm, which is the default value for the
thickness quoted by the manufacturer for FastScan C probes. This is a 3.3% difference, suggesting
sufficient overall accuracy for successful practical application.
Slattery et al. [43] also demonstrated that the spring constant calibration of smaller cantilevers is
more challenging than standard larger AFM cantilevers. This is particularly true for the FastScan A
model, which is the smallest and stiffest of the FastScan cantilever models. Slattery et al. [43] showed
that the thermal noise method, often built-in to modern AFM instruments, overestimated the spring
constant of FastScan A cantilevers significantly (30 to 70%). This was attributed to the reduced thermal
noise profile for these types of probes, and this effect has been observed by other research groups [24].
Therefore, we have applied the Sader indirect method [16,34] to the calibration of the spring constant
of the FastScan A cantilevers reported in this work. In the Sader indirect method [16], typically the
spring constant of one cantilever is accurately measured and then the term Ect3 is determined using
an appropriate Euler beam equation, based on the cantilever plan-view geometry. This Ect3 value
is then assumed to be constant for all cantilevers of the same type and subsequent cantilevers can
then be calibrated with only the length and width of the cantilever requiring measurement. In our
case, we use a slightly different approach. We have already determined an average effective Young’s
modulus, Ec, for FastScan cantilevers of 179 ± 29 GPa. We, therefore, determine an average cantilever
thickness, t, for the FastScan A probes from the data presented in Table 1, which gives 0.60 ± 0.04 µm,
with the error quoted being one standard deviation in the data. Combining this with Ec gives us an
Ect3 value of 3.87 ± 0.97 × 10−8 Nm for our FastScan A probes. The uncertainty on the Ect3 term is
approximately 25% and has contributions from the uncertainty on the Ec term and the uncertainty on
the average thickness for the FastScan A probes, t, which is a cubed term. We have used this Ect3 value
to then calculate the spring constant of FastScan A cantilevers FSA1–7. The Sader indirect method [16]
results are reported in Table 3 and compared to the more accurate spring constant values cantilevers as
reported by Song et al. [49] and Slattery et al. [43].
The agreement between the accurate spring constant values and the Sader indirect method is
good with all Sader indirect results being within 2 to 15% of the accurate values. Therefore, the Ect3
value determined in this work could be used by other groups to calibrate the spring constant of the
FastScan A cantilevers with the proviso that the uncertainty of the spring constants using this method
could be as high as 25% given the uncertainty on the Ect3 term calculated in this work.
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Table 3. Shows a comparison between the spring constant of the FastScan A cantilevers determined using
the methods described in Slattery et al. [43] and Song et al. [49] and the Sader indirect method [16].









In this work, we have derived a simple correction factor to the Euler beam equation for beam-shaped
cantilevers which allows the spring constant of trapezoidal plan-view shaped cantilevers to be
determined (provided the material properties and dimensions are known). The derivation for this
correction factor, K, is based on the analytical work by Sader and White [1]. We have also derived
simple expressions for the torque correction factor for triangular plan-view shaped cantilevers, as well
as an approximation for the torque correction for trapezoidal plan-view shaped cantilevers. The torque
corrections were based on the work by Edwards et al. [55] and Sader [40].
Analysis of the spring constant and dimensions of 11 Bruker FastScan AFM probes revealed that
the K correction factor was between 1.2 and 1.31, which is a significant correction given that K =1 for a
beam-shaped cantilever and K = 1.5 for a triangular-shaped cantilever. The torque correction factors
for the FastScan cantilevers were significant, and if not accounted for could introduce errors as high
as ~11%. However, the torque corrections did show a much weaker dependence on the plan-view
geometry, and there was, at maximum, only a 3% difference between the torque correction factors for a
beam-shaped cantilever and a triangular-shaped cantilever for the same cantilever. However, given
w/w0 is less than 0.5 for all FastScan cantilevers studied in this work we would expect the triangular
torque correction, or the trapezoidal approximation, to be suitable for Bruker FastScan cantilevers. It
is also important to note that as AFM cantilevers become smaller the D/Ltip ratio will increase, and
the plan-view shape of the cantilever will play a more important role in determining which torque
correction factor is the most appropriate to use.
Close analysis of the different dimensions for the shortest cantilever type (FastScan A) indicated
that the Ltip dimension is crucial in contributing to the variability in the spring constant for these types
of AFM probes. This is due to the inverse cubic relationship between Ltip and the cantilever spring
constant (refer to Equations (1) and (2)) and indicates that the smaller AFM cantilevers become the
more significant Ltip will become. This will impact methods that do not calibrate the spring constant of
the cantilever at the tip apex such as those based on the resonant frequency of the cantilever. For these
techniques, the precise measurement of L and Ltip will be required.
We also applied the derived correction factors to determine Young’s modulus of 11 Bruker
FastScan AFM probes. Our results gave an average Young’s modulus for the silicon nitride the
cantilevers are composed of equal to 200 ± 34 GPa which is comparable to the results reported by other
research groups [50,60], and equal to that quoted to us by the manufacturer. We also applied the Sader
indirect [16] method to calibrate the FastScan A type cantilevers and found good agreement between
the Sader indirect [16] method and the more precise results reported by Slattery et al. [43] and Song et
al. [49] for these probes. This will be useful for AFM users as research has shown that some standard
methods, such as the thermal noise method, struggle to provide accurate results for these types of
AFM probes.
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Supplementary Materials: The following are available online at http://www.mdpi.com/2076-3417/9/13/2604/s1,
Table S1: Default or nominal values for the cantilever types FastScan A, B and C provided by Bruker (Bruker
Corporation, Billerica, MA, USA).
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